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1. INTRODUCTION 
The purpose of this paper is to discuss the free vibrations and dynamic 
buckling of a hinged extensible beam which is either stretched or compressed 
by an axial force. 
The deflection W(x, t) of an extensible beam under an axial force H 
satisfies the nonlinear partial integro-differential equation (cf. [l]) 
PW W,(& q2 8) -Tg = 0, (1.1) 
where E is the Young’s modulus, I is the cross-sectional moment of inertia, 
p is the density, L is the length, and A, is the cross-sectional area. The assump- 
tion of hinged ends implies that W(x, t) satisfies the boundary conditions 
W(0, t) = W,,(O, t) = W(L, t) = W&L, t) = 0. (1.2) 
The initial conditions will be 
W(x, 0) = f(X), (1.3a) 
Wt(% 0) = g(x). (1.3b) 
The vibration of nonlinear beams has been treated by Woinowsky-Krieger 
[I], and Eisley [2]. These papers show the existence of special solutions of the 
form 
W(x, t) = T(t) sin g% (1.4) 
when H 2 0. In this paper, the development in 133 will be modified in order 
to discuss solutions of the form 
W(x, t) = 2 T,(t) sin ;x. 
3=1 
(l-5) 
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In addition the assumption that H > 0 will be dropped, i.e., the case of the 
compressed beam will be included. 
If (1.5) is to be a formal solution of (1. l), it follows that the functions Ti 
must be solutions of the infinite system of nonlinear ordinary differential 
equations (cf. [3]) 
T; +j* (q,jz + a1 + % f i2T12) Ti = 0, j = 1,2 ,..., co, (1.6) 
Z=l 
where 
EI?r4 Hd EA,m4 -- %=--p’ %- &2¶ 012’4pL4’ 
In addition, the fact that (1.5) must satisfy the initial conditions (1.3) implies 
that Ti must satisfy 
T,(O) = & = i /‘f(x) sin(jrx/L) dx 
0 
(1.8a) 
Ti’(0) = ‘yi = 2 1” g(x) sin( j?rx/L) dx. 
0 
(1.8b) 
In Sec. 2 of this paper, special solutions of (1.1) are discussed, in Sec. 3 the 
existence of solutions to (1.6) satisfying (1.8) is shown, and in Sec. 4 their 
uniqueness is proven. 
2. ELEMENTARY SOLUTIONS 
Before discussing solutions of (1.1) of the form (1.5), it is convenient to 
begin by searching for more elementary solutions. In particular, (1.1) will 
have a solution of the form (cf. [l], [2]) 
W(x, t) = TN(t) sinNrrx/L (2-l) 
if TN(t) satisfies the ordinary differential equation 
T; + (%N4 + a,N2) TN + a2N4TN3 = 0. (2.2) 
The constants a,, and a2 are positive, therefore, if asN4 + a,N2 > 0, Eq. (2.2) 
is Duffing’s equation with a hard spring characteristic (cf. [4], p. 19ff.). It is 
well known that the (unique) solution of Duffing’s equation exists and is 
periodic with period depending on the initial data, as, a1 , a2 , and N. If 
f14 + a1N4 < 0, or equivalently 
HIEI < -N2rr2/L2, (2.3) 
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Eq. (2.2) still has periodic solutions. However, the qualitative behavior of 
these solutions is different from the solutions of the Duffing equation. Note 
that (2.3) is the requirement that the magnitude of the compressive force be 
greater than the critical buckling load of the linear beam theory. In order to 
describe the solutions of (2.2) when the inequality (2.3) is satisfied, multiply 
(2.2) by T,’ and integrate the resulting equation to show 
Or,N4 
TN’(t)2 + (aoN” + qV2)TN2 + 2 TN4 = _h, (2.4) 
where 
_h = TN’(O)’ + (a,,N4 + qN2) TN(O)2 + a$ TN(0)4. (2.5) 
In Fig. 1, a phase plane diagram is drawn for (2.4). In all cases except h = 0 
the curves are closed, thus the solutions of (2.2) are periodic. However, if 
b > 0 the curves encircle the origin; thus the beam passes through the 
(trivial) solution W(x, t) = 0 in the course of its vibration. If _h < 0 the 
curves do not encircle the origin and hence the beam never passes through 
the trivial solution; i.e., the beam vibrates about the buckled state. Oscilla- 
tions about the buckled state will be referred to as buckled vibrations, and 
oscillations about the trivial solution will be referred to as trivial vibrations. 
FIGURE I 
>o 
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It is clear from Fig. 1 that if the axial force H satisfies the condition (2.3), 
small initial data such that h + 0 (cf. (2.5)) may result in large amplitude 
vibrations. This is of course the phenomenon of dynamic buckling. It is of 
interest to note that small initial displacement with zero initial velocity (b < 0) 
will result in buckled vibrations while zero initial displacement with nonzero 
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initial velocity (b > 0) will result in trivial vibrations. In the one exceptional 
case _h = 0 the solution will approach the trivial solution as t + co. 
The Eq. (1.1) will also have solutions of the form 
W(x, t) = F T,(t) sin j7rx/L 
j-1 
if the functions Tj satisfy the system of equations (cf. [3]) 
(2.6) 
TT + j2 (c+,jz + a1 + a2 F 12T,I) Tf = 0, j= I,2 ,..., IV. (2.7) 
Z=l 
There is no difficulty in using the method of successive approximation 
(cf. [5], p. 1 lff.) to show that the system (2.7) has a solution in some interval 
0 ,( t < t, . 
THEOREM 2.1. The solution of (2.7) exists for all t > 0. 
Proof. To prove the theorem it is only necessary to show that 1 T, ] and 
] Ti ] are bounded for all t > 0 (cf. [5], p. 13 ff.). Multiply (2.7) by T,’ and 
sum over j. Integrating the resulting expression shows 
where 
VN2 = : ( T1’)2, 
j-1 
N 
YN2 = 1 i4Tj2, (2.9b) 
j-1 
ZN2 = 5 j2Tj2, (2.9c) 
i-1 
and h, is a number depending only on the initial conditions. If OCR > 0, so 
that h, > 0, it follows immediately from (2.8) that 1 Tj 1 and 1 Tj’ 1 is bounded. 
If (or < 0 the quantity h, may be positive, negative, or zero-depending 
on the initial conditions. Even so (2.8) shows that VN2, YNs, and ZN2, and 
hence 1 Tj ] and I T,’ I are bounded. Q.E.D. 
Any solution of (2.7) defines a curve (orbit) which must lie on the surface 
defined by (2.8). However, it is easily verified that if h, < 0 (0~~ < 0), (2.8) 
defines two disjoint closed surfaces neither of which is pierced by the V, axis. 
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Thus the case h, < 0 corresponds to buckled vibrations. In the case h, > 0, 
the type of vibration will depend on whether the orbit passes through 
Y, = 2, = 0. 
3. GENERAL SOLUTIONS 
In this section the existence of solutions to (1.6) satisfying the initial 
conditions (I .7) will be shown. 
Define the functions TjS,, to be solutions of (2.7) satisfying the initial con- 
ditions (1.7) forj < N and Tj,, = 0 forj > N. The functions Tj,, are also 
solutions of (1.1) and satisfy the initial conditions (1.7) for j < N and 
T,,JO) = T;.N(0) = 0 for j > N, i.e. 
T;l.hv -1 j’Aj.,rTj,N = 0, (3.1) 
where 
Aj,N = aoj2 + a1 + % f E2T&, 
I=1 
(3.2) 
The first step will be to show that ] /JN 1 and ] A;,N ] is bounded independent 
of N. 
Lemma 3.1. 1 A,,, \ is unfformly bounded (independent of N) if 
m 
c K2 -=c CQ j=l 
PYM$ Multiply (8.1) by Ti N and sum the resulting 
Integrating the resulting expression yields (cf. (2.8)) 
v,2 + q)YK” + c&2 + ff2Z~4 = h, 
where 
equations over j. 
(3.4) 
lim h, = h = 
N+.X (3.5) 
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which converges in view of (3.3). The quantities VN2, YN2, and .ZM2 are given 
bY 
(3.6a) 
YN2 = i j4Tj,N(t)2 
j=l 
(3.6b) 
ZN2 = $ j2Tj,N(t)2. (3.6~) 
j=l 
The inequality (3.4)(and (3.5)) shows that the quantities V, , Yhi, and 2, are 
bounded independent of N regardless of the sign of (or , i.e., there exist 
constants n/l, , M, and MS such that 
VN2 ,< M 1 (3.8a) 
Yiv* < M2 (3.8b) 
.z,z < Ma. (3.8~) 
Combining (3.8) with (3.2), it follows that 
I 4, I ,< cd* + I a1 I + a2M3 . (3.9) 
Q.E.D. 
LEMMA 3.2. 1 A;,,, 1 is un;formly bounded (independent of N) if(3.3) holds. 
Proof. It is a consequence of (3.2) that 
A;,N = 2a2 f 12T1,NT;,N . 
Z=l 
Using the Schwarz inequality on (3.10), it follows from (3.8) that 
I A;.N I d 252 Iz$ ~4Tkv gl (Th)2/1’2 
= 2a,( Y/w~~)~‘~ < 2~2(fi11MJ1’2. 
(3.10) 
(3.11) 
Q.E.D. 
The ease with which it is shown that 1 A:,,, 1 is bounded for the extensible 
beam is quite different from the case of the nonlinear string (cf. [3]). The 
equations for the string are given by (1.6) with % = 0 (and cyi > 0), i.e., 
zero resistance to bending. In this case the energy inequality (3.4) does not 
give an estimate on YN2. Thus it is necessary to use a totally different proce- 
BUCKLING OF THE EXTENSIBLE BEAM 449 
dure to obtain this bound. One such procedure was described in [3]. However, 
in [3] it was not possible to find a bound for all t 3 0, and in fact the possibil- 
ity existed that the solution would cease to exist after some finite time. This is 
not the case if E,, > 0, i.e., if the beam (or string) has some resistance to 
bending-regardless of how small. In fact it will be shown below that in the 
case of nonzero bending the solution exists for all time. 
It follows from Lemmas 2.1 and 2.2 that the sequence of functions A,,, 
form a bounded equicontinuous set of continuous functions on any closed 
subinterval 0 < t < t* < CD. Therefore the Arzela-Ascoli lemma (cf. [5], 
p. 5) shows that it is possible to choose a subsequence A,,N, such that AI,,,, 
converges uniformly to a continuous function izj on the interval 0 < f < t*. 
Let Tj be the solution of 
Ty f jzAjT, = 0, (3.12) 
satisfying the initial condition T,(O) = fij and T,‘(O) = yj , 
There is no difficulty in showing 
LEMMA 3.3. TjSN converges to Tj on the interval 0 < t < t* < CO. 
The question of existknce of solutions to (1.6) is settled by 
THEOREM 3.1. There exists a solution of (1.6) satisfying the initial condi- 
tions (1.8) if the initial conditions satisfy (3.3). 
Proof. In order to show the solutions of (3.12) are solutions of (1.6) it is 
only necessary to show that 
where 
;4j(t) = a,j2 + 011 + 01~ f 12T12, (3.13) 
I=1 
However, the fact that T3,., - Tj as Ni -+ co (Lemma 3.3) and in addition 
(cf. (3.8b)) 
CNt < M21j4 (3.15) 
for all Ni , implies that 
+ 0~1 + z”l T;,w, 
;I1 
- T12 / + 201,M2 f 1/j2. (3.16) 
I=K+l 
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By first choosing K, then choosing Ni , the right side of (3.16) can be made 
arbitrarily small. Q.E.D. 
The solutions of (1.6) which have been constructed above will satisfy the 
bound (3.15). Thus it is clear that if these functions are placed in (1.5), the 
resulting series will converge. 
4. UNIQUENESS 
In this section it will be shown that the solution of the system of equations 
(1.6) satisfying the initial conditions (1.8) is unique if the initial conditions 
satisfy (3.3). It is a consequence of this result that it was unnecessary to 
choose a subsequence in constructing the function A, (cf. Sec. 3), since the 
whole sequence must converge to a unique limit. Thus the existence proof of 
Sec. 3 is actually constructive. 
For the purpose of showing the uniqueness of solutions of (1.6) assume the 
existence of two sets of solutions Tj and Sj ; i.e., Tj is a solution of (3.12) 
when Aj is given by (3.13) and S, is a solution of 
S,” + j”BiSj = 0 j = 1, 2,..., (4-l) 
where 
4 = ffoj2 + al + a2 f 12S12. 
Z=l 
Assume further that both T, and Sj satisfy the initial conditions (1.8). The 
functions Tj (and Sj) satisfy the energy identity (cf. (2.8)) 
f (Ti’)’ + 4 Fl j4Tjz + ~1 il j2Tj2 + 5 ( ~JpTj2)’ = h, (4.3) 
j-1 
where h is given by (3.5). In view of (3.3) the quantity h is finite and hence 
each of the sums in (4.3) converge. It follows from the Schwarz inequality that 
Ai (and Bj) is differentiable. Thus 
The convergence of the two sums on the right of (4.4) is a consequence of 
(4.3). 
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Define a function U, as 
U, = Tj - S, 
so that Uj must be a solution of the ordinary differential equation 
Uy f j2A2Uj = jz(B, - A,) S, 
and satisfy the initial conditions 
U,(O) = u;(o) = 0. 
Equivalently (4.6) may be rewritten as 
UT + j*(Aj - al) U, = jz(Bi - Aj) Sj - LYJU~, 
where 
4 - a1 = aojz + 01~ t 12T12 > c+,j2 >, a,, > 0. 
z-1 
451 
(4.5) 
(4.6) 
(4.7) 
(4.8) 
(4.9) 
The object will be to show that the only solution of (4.8) satisfying (4.7) 
is the trivial solution. For this purpose define 
Vj = ( Ui)2/j2(A3 - aI) + U,2 > 0. (4.10) 
After differentiating (4.10) and using (4.Q it is easily seen that 
4’ ‘,l = - Aj _ ( 
( Ui’Y 
a1 P’V, - 4 1 
Bj ---A, s,ut-2 
+2/yj-a1 J * u&Jj’ (4.11) OLl -4, ’ 
or 
(4.12) 
The inequality (4.12) may be rewritten as 
$ Vjexp (- j:*fI~) 
<2 yy;“:’ IS,[ 1 uj’~+lalI’yy’) (4.13) ( > 3 
or 
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The quantities 1 Aj’ 1 and 1 Bj - A, 1 which occur in (4.14) are independent 
of j. Therefore, (4.14) may be multiplied by j* and summed over j to show 
(cf. (4.9)) 
(4.15) 
The quantities occurring in the integrand of (4.15) may be estimated using 
the Schwarz inequality. Thus 
I Bi - 4 I d 0~2 f /*I & + T, I I U, I 
Z==l 
< -& 1 f j2Sj2 2 ( Uj')*/(Aj - cdl) I'/*, (4.17) 
0 j=l j=l 
and 
d 1 f (uj’)*/(A3 - 4 il j”Uj*/(Aj - (~1) 1”’ 
I=1 
< & ]f (Uj’)*/(Aj - ~111) f j2UJ2/“*. 
0 j=l i=l 
Combining (4.15), (4.16), (4.17), and (4.18), it follows that 
ili2vj d 2 exp (-& JI / Aj’ / dr) 
(4.18) 
x Jt G(t) /cl (Ui’)*/(Aj - 4 ~lj2u92/*‘2 d7, (4.19) 
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G(t) = & ;a~ (2 jz(Si + Tj)2 f j2Si)1'2 + 1 a1 1:. (4.20) 
0 1=1 J=l 
Note that G(t) and the exponential occurring in (4.19) are bounded functions 
on any finite interval. Therefore there exists a value t, > 0 such that 
for 0 < t < t, . 
(4.2 1) 
LEMMA 4.1. Equation (4.8) with initial conditions (4.7) has only the trizkd 
solution for 0 < t < t, . 
Proof. To prove the lemma it is sufficient to show that the integrand 
occurring in (4.19) is identically zero for 0 < t < t, . The proof is by contra- 
diction; i.e., assume the integrand does not vanish identically for 0 < t < t, . 
Assume the maximum value of the integrand in this interval occurs at t = t *. 
Then t* f 0, since the integrand is zero there. The inequality (4.19) holds 
for all t-in particular (4.19) holds at t = t*. Therefore 
~?‘j2V~(t*) < 2t* exp ($ J‘B 1 Aj’ 1 do) G(t*) 
x it (Uj’)2/(Ai - aI) f j2U~2(1~ . 
3-l ,=l t-t* 
(4.22) 
Since 0 < t* < t, , it follows from (4.21) that 
~l.i2V,Ct*) = zl ~~‘(t*)W4(t*) - 4 + f i2u3(t*)2 
j=l 
< 2 I~l~~j’(t*)2/(-~,(f*) - a1))1’2 fjg jzU3(t*)e)1’2( , (4.23) 
or 
;iil Crj’(t*)2/‘(A,(t*) - al))“’ - (f jzU7(t*)2)1’z12 < 0. (4.24) 
j=l 
This contradiction proves the lemma. Q.E.D. 
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It is an immediate consequence of Lemma 4.1 that the solution of (1.6) is 
unique in some interval 0 < t < t, . However, this result map be extended 
to the whole interval 0 < t < co. Assume there are a set of points at which 
Ti # Sj ; i.e., 72, f 0. Let to 3 t, > 0 be the greatest lower bound of these 
points. At t, , U(t,) = u’(t,) = 0, and thus it is possible to repeat the above 
argument to show that U(t) = 0 in some interval to the right of to . Therefore 
t, could not be the greatest lower bound of points for which Vi + 0. This 
contradiction leads to 
THEOREM 4.1. The solution of (1.6) satisfying (1.8) is unique ;f the initial 
conditions satisfy (3.3). 
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